A DECOMPOSITION OF FUNCTIONS WITH 
ZERO MEANS ON CIRCLES 



Josip Globevnik 

ABSTRACT It is well known that every Holder continuous function on the unit circle is the sum of two 
functions such that one of these functions extends holomorphically into the unit disc and the other extends 
holomorphically into the complement of the unit disc. We prove that an analogue of this holds for Holder 
continuous functions on an annulus A which have zero averages on all circles contained in A which surround 
the hole. 

1. Introduction and the main results 

Given a G (D, p > write A(a, p) = {( e (D: |C - a| < p} and A = A(0, 1). Denote 
by IB tiie open unit ball in (D^. A function / on a set i^T C (D is called Holder continuous 
on K (with exponent a) if there are constants M < oo and a, < a < 1, such that 
\f{z) - f{w)\< M\z-w\" (z.weK). 

Let a G (C, p > and let / be a Holder continuous function / on 6A(a, p). It is well 
known that 

f = f^ + r (1.1) 

where /"*" and /~ are Holder continuous functions on 6A(a, p) such that /"*" 

has a continuous extension to A(a,p) which is holomorphic on A(a,p) (1-2) 
and /~ 

has a continuous extension to [(C U {oo}] \ A(a, p) which is holomorphic 
on [(D U {oo}] \ A(a, p) and vanishes at oo 

and this decomposition is unique. In fact, 

J_ [ fiPdC ^ I /+(^) e A(a, P)) _ 1 

27rzAA(a,p) C-^ (^G [(DU{oo}]\A(a,p).J 

In the present paper we consider functions on the annulus 

A = {C G (D: n < Id < r2} 

where < ri < r2 < oo and ask for a decomposition similar to (1.1). Suppose that / is a 
Holder continuous function on the annulus A. For every circle 6A(a, p) G A surrounding 
the origin we have /|6A(a,p) = /^^ + /"^ where /^^ satisfies (1.2) and /"^ satisfies 
(1.3). In general there are no functions /"*" and /~ on A such that /"'"|6A(a, p) — f^p and 
/~|6A(a, p) = f~p whenever 6A(a, p) d A surrounds the origin. In the present paper we 
prove that there are such functions /"*" and f~ on A whenever / satisfies 



(1.3) 



2^-/0 



f{a + pe'^)de = Q (1.5) 
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for every 6A(a,p) C A which surrounds the origin: 

Theorem 1.1 Let f be a Holder continuous function on A which satisfies (1.5) whenever 
bA{a, p) C A surrounds the origin. Then f — + f~ where and f~ are Holder 
continuous functions on A such that for each 6A(a,p) C A which surrounds the origin, 
f~^\bA{a, p) satisfies (1.2) and f~\bA{a, p) satisfies (1.3). 

We will also show that, as in the case of the circle, we can view /+ and /~ as the 
boundary values of functions, holomorphic on appropriate domains. To describe this, we 
first rewrite the circle case in a form suitable for generalization. 

Let / be a continuous function on 6A(a, p). The idea is to define a new function F 
on {(C,C): C e bA{a,p)}, that is, on 6A(a,p) "lifted" to 

s = {(C,C): Ce(D}, 

by 

nC,C) = /(C) (Ce&A(a,p)) 

[G2] and then to write F as the sum of boundary values of holomorphic functions. 
Let 

Aa,p = {{z, w) e (C^: {z -a){w~a)= p^}. 

The intersection Aa,p fl E is the circle {(C; C)- C ^ bA{a, p)} whose complement in A^^p has 
two components, A+p and A~p where 

^tp = {(^' '^)- -a){w-a)= p^ < - a| < p)} 



K,p = {(^' '^)- -a){w-a)= p^ p<\z-a\)} 



= {{z, w): {z — a){w — a) = p^, < \w — a\ < p)} 
= {{z,w): iw,z)eAtJ. 

The sets A+^ and A~p are closed one dimensional complex submanifolds of (D^ \ S attached 
to S along 

bAlp = bA-p = {{CXy- Ce6A(a,p)}. 

It is easy to see that a continuous function h on 6A(a, p) satisfies (1.2) if and only if the 
function H defined on 6A+p = ^^a,p H{(,() — HO (C ^ bA{a.i p)) has a bounded con- 
tinuous extension from bA'lp to A^'^ U fcA+^ which is holomorphic on A^^ [G2] . Similarly, 
h satisfies (1.3) if and only if H has has a bounded continuous extension from bA~ ^ to 
A~ p U bA~ p which is holomorphic on A"^ and vanishes at oo. 

We now pass to functions on A which we will view as functions on 

i = {(C,C): Ce^}. 

The set A G T, will be a common part of the boundaries of two domains 0+(A) and 0~ (A) 
which we now describe. Let 0+(A) be the union of all A+^ such that 6A(a, p) C IntA 
surrounds the origin. Similarly, let Q~(A) be the union of all A~p such that 6A(a, p) C 
Int^ surrounds the origin. Clearly, Q,~{A) is the image of f2+(A) under the reflection 
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{z,w) 1-^ iw,z). It turns out that and Q~{A) are disjoint domains in \ E 

attached to E along A. For each ( G Int A there are a neighbourhood [/ C E of (C, C) and 
a wedge with the edge U which is contained in Q~^{A). An analogous statement holds for 

n-{A). 

Theorem 1.2 Let f be a Holder continuous function on A which satisfies (1.5) whenever 
bA{a,p) C A surrounds the origin. There are a bounded continuous function on 
Q'^{A) U bQ'^{A) which is holomorphic on Q'^{A) and a bounded continuous function G~ 
on rL~{A) U bQ.~{A) which is holomorphic on Q.~{A) such that 

f{z) = {l/z)G+{z,z) + {l/z)G-{z,z) {z e A). 



Thus, on A the function F{z, z) = f{z) is the sum of the boundary values of holomorphic 
functions {l/w)G~^{z,w) and {l/z)G~ {z,w). 

2. Fourier coefficients of functions with zero means 

Suppose that / is a continuous function on A. For each r, ri < r < r2, let 

1 r 



Ck{r) = e-'^'f{Te'')de {k E Z) 



so that Yll^=-oo Ck{f)^^^^ is the Fourier series of the function e*^ i— > f{re^^). 

We shall need the following description of the Fourier coefficients of functions with 
zero means on circles. 

Theorem 2.1 [Gl, EK, V] A continuous function f on A satisfies (1.5) for each bA{a, p) 

C A surrounding the origin if and only if 

(a) co(r) = (ri < r < r2) 

(b) for each n & Z, n ^ 0, there are numbers an,o, cin,!, " ■ ■ ? o^n,|n|-i such that 
Cn(r) = r-l^l {an,o + an,ir' + • • • a,,|,|_ir2(l"l-i)) (n < r < rs). 

In the rest of this section we assume that / is a continuous function on A which satisfies 
(1.5) for each 6A(a, p) C A surrounding the origin. 
If n > 1 then writing z = re*^ we get 

1/1 1 n-1 
= = an,0=^ + an,l—Z2Z + h an,n-lZ 

= (l/^)P„_l(;2, \lz) 
where Pn-\ is a homogeneous polynomial of degree n — 1. 
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If n < —1 then we get 

cn(r)e^"^ = (an,o + On.ir^ + • • • + an,n-ir'^-'^-^))^-l'^l 
_ 1 / 1 1 _ 

= {l/z)Q\n\-i{z, l/z) 

where Q\n\-i is a homogeneous polynomial of degree \n\ — 1. Thus, putting z = re*^ into 
the series 

oo oo 

(l/z) J2 Pniz, 1/^) + (1/^) E ^-(^' V^) (2.1) 
n=0 n=0 

we get the Fourier series of the function e*^ i— > /(re*^), ri <r<r2- 

For each t, < t < 1, define the functions /^"^ and on A as follows 

oo oo 

ft ire'') = E = (V^) E V^) (2-2) 

fc=l j=0 

— 1 oo 

frire'') = E *'"cfc(r)e''=^ = {l/z)Y,t^+'Q^iz, l/z) (2.3) 

A;= — oo i=0 

where z = re*^ e A and let 

Note that for each t, < t < 1, both series above converge uniformly on A. Write 

27r« 7bA(r,o) C - 2; 



and observe that 

^Jtre'^) = f+(re''^) (r, < r < ro. 0< t < 1. ^ m 1 

(2.4) 



^r{tre'^) = ft(re'^) (^i < ^ < ^2, < t < 1, ^ G R) 
$^((l/t)re*^) = -/^-(re*^) (ri < r < ra, < t < 1, 6* e R) 



3. Proof of Theorem 1.1 

Let / be a Holder continuous function on A which satisfies (1.5) for each 6A(a,p) 
which surrounds the origin. Then there are Pn and Qn as above such that (2.1) with 
z = re*^ is the Fourier series of e*^ i-^ f(re^^)j n < r < r2- Using the decomposition 
(1.1) on each circle 6A(0,r), ri < r < r2, we can write f = + where for each 
r, n < r < r2, /+|6A(0,r) satisfies (1.2) and /-|6A(0,r) satisfies (1.3). In fact, the 
functions /"''|6A(0,r) and — /~|6A(0,r) are the limiting values of ^r{z) as \z\ y r or 
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\z\ \ r, respectively. Since / is Holder continuous on A it follows that and /~ are 
Holder continuous on A [M, Sections 19, 20]. 

For each r, ri < r < r2, the function $r is the Cauchy integral and hence the 
Poisson integral of /"'"|6A(0, r) so (2.4) implies that for each r, n < r < r2, /f^(re*^) 
converges uniformly in 9 to f~^{re^^) as t y 1, and since / is uniformly continuous on 
A, the standard proof of the boundary continuity of the Poisson integral shows that the 
convergence is uniform also in r, ri < r < r2. So ft converges to /"*" uniformly on A as 
t y 1. Similarly we show that converges to f~ uniformly on A as t /"I. 

Observe that for each 6A(a, p) that surrounds the origin, the restriction of 1/z to 
6A(a,p) satisfies (1.2) and the restriction of z to 6A(a,p) has a continuous extension to 
[(D U {oo}] \ A which is holomorphic on [(D U {oo}] \ A. The uniform convergence of 
the series (2.2) implies that for each t, < t < 1, f^\bA{a, p) satisfies (1.2) whenever 
6A(a, p) G A surrounds the origin. Similarly, the uniform convergence of the series (2.3) 
and the multiplication with 1/z imply that for each t, < t < 1, f^\bA{a, p) satisfies 
(1.3) whenever 6A(a, p) C A surrounds the origin. The uniform convergence of f^' to /+ 
and to f~ as t y 1 imply that the analogous statements hold for /+ and /~. This 
completes the proof. 

Remark 1 . Note that the proof of Theorem 1.1. becomes simpler in the special case when 
/ is smooth, say of class on A. Recall that putting z = reJ^ into the series (2.1) we get 
the Fourier series of the function e*^ i— > f{re^^). Integrating by parts we see that there is 
a constant M < oo such that each of the series in (2.1) is dominated on A by the series 
I^r^i Mn~'^ which implies that one can define 

oo oo 
f+{z)^{l/z)J2Pn{z,l/z), f-{z)^{l/z)J2Qn{z,l/z) {z E A) 
n=0 n=0 

where each of the series converges uniformly on A. 

Remark 2. If / in Theorem 1.1 is Holder continuous on A with exponent a, < a < 1, 
then for any /3, < /3 < a, the functions /"*" and /~ are Holder continuous on A with 
exponent (3. This follows from [M, Sections 19, 20]. 

4. Domains n+{A) and n-{A) 

We list some simple facts about the domain Q'^{A). Analogous statements hold for 
Q~ {A) , the image of fi+ (A) under the reflection (z, w) i— > (w, z) . The proofs are elementary, 
they can be found in [G2]. 

Recall that Q~^{A) is defined as the union of all such that 6A(a,p) C IntA 
surrounds the origin. 

Proposition 4.1 Let 7 = (ri + r2)/2. The set Q~^{A) is a disjoint union of all A^,^ such 

that 6A(a,7) C IntA; it is an unbounded open connected set whose boundary consists of A 
together with the union of all those A'^^^ for which bA{a, <Z A is tangent to both bA{0, ri) 
and 6A(0,r2). For each ( e IntA there are a neighbourhood U (ZT, of {CO ^'^ open cone 
V in iTi, a real two-plane perpendicular to T,, and a S > such that U + (VnSJB) C Q'^{A). 
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Proposition 4.2 If ^t,,p 5 ^^^'^ ^^^^ ^a,p ^"^^ 5 ^^^^ersect if and only if a ^ b 
and one of the circles 6A(a,p), bA{b,S) surrounds the other. The sets A^^ and A^^ 
intersect if and only if A(a, p) fl A{b, S) = 0. 

Proposition 4.2 implies that n+{A) n = 0. 

5. Proof of Theorem 1.2 

RecaU that /+ is the uniform hmit of as t y 1 where for each t, < t < 1, 

oo 

f+{z) = {l/z)J2t'^'Pji^,m i^^A) 
j=o 

with the series converging uniformly on A. It follows that on A, zf~^{z) is a uniform limit 
of a sequence of polynomials in z and 

zf+{z) = hm Sm{z, 1/z) {z e A). (5.1) 

m— >oo 

Now wc reason as in [G2]: The functions Smiz,l/w) are bounded and continuous on 
p U &A+P and holomorphic on A^^ whenever bA{a, p) C A surrounds the origin. Since 
A^p is biholomorphically equivalent to the punctured disc the maximum principle implies 
that for each (z, w) G A+p we have 

\Sm{z, 1/w) - Sj{z, l/w)\ < max{|5^(C, l/v) - 5,(C, (C,^) e bA^J 

< max{{|5^(C, 1/0 - SjiC, 1/C)|: C e A}. 

It follows that the sequence Sm{z^l/w) converges uniformly on Q,'^{A) U bQ,'^{A) to a 
function G^{z,w). Since each Sm{z, 1/w) is bounded and continuous on fl~^{A) Ubfl~^{A) 
and holomorphic on Q~^{A) the same is true for G^. Obviously, f~^{z) — {l/z)G~^{z, 1) {z G 
A). In the same way we prove that f~{z) — {l/z)G~ {z,z) {z G A) where G~ is bounded 
and continuous on fl~ {A)[Jbfl~ (A) and holomorphic on il~{A). This completes the proof. 

6. Dropping the assumption on Holder continuity 

The map C C* = 1/C is the antiholomorphic reflection across bA which fixes bA. 
Similarly, given a G (C and p > 0, the map ( ^-^ (* = a + p^ j (C — a) is the antiholomorphic 
reflection across 6A(a, p) which fixes 6A(a, p) and maps a point on a ray emanating from 
a at a distance 7 > from a to the point on the same ray at a distance p^/7 from a. 

If / is a continuous function on 6A(a, p) which is not necessarily Holder continuous 
then the functions and /~ defined by (1.5) are well defined away from &A(a,p) but 
need not have boundary values as we approach 6A(a,p). The following still holds and is 
well known: 

Lemma 6.1 [Z, Vol. 1, p. 288] Let f be a continuous function on 6A(a,p). Define and 
f~ by (1.4)- Then the function 

f f+{z) + f-{z*) (^GA(a,p))l 
\/(^) (^G6A(a,p))/ 



6 



is continuous on A(a,p). In fact, on A(a,p) it coincides with the Poisson integral of f. 

We want to show that a generahzation of this holds for continuous functions on the annulus 
A with zero means on circles surrounding the origin. 

Suppose that / is a continuous function on A which satisfies (1.5) whenever 6A(a, p) C 
A surrounds the origin. Recall that for each nonnegative integer n there are homogeneous 
polynomials P„ and Qn of degree n such that putting z — re'^ into 

oo oo 
{1/z) J2 Pn{z, 1/z) + {1/z) J2 Qn{z, l/z) 
n=0 n=0 

we get the Fourier series of the function e*^ h- > /(re*^), ri < r < r2- We now show that 
one can define a holomorphic function on Q~^[A) by 

oo 

F+{z,w)^{l/w)J2Pn{z,l/w) {{z,w)en+{A)) (6.1) 

n=0 

where the series converges uniformly on compacta in fl~^{A) and a holomorphic function 
F- on n-{A) by 

oo 

F~{z,w)^{l/z)Y,Qn{w,l/z) {{z,w)en~{A)) (6.2) 

n=0 

where the series converges uniformly on compacta in Q~{A). 

Recall that for each t, < t < 1, the series {'^/z)^'^iP^^Pj{z,l/z) converges 
uniformly on A which, by a reasoning similar to the one in Section 5 implies that the 
function 

oo 

F+iz,w) = {l/w)Y^ti+'P,{zMw) (6.3) 

is well defined, bounded and continuous on 0"'"(A) U 60"*" (A) and holomorphic on Q.'^{A) 
since the series (6.3) converges uniformly on VL'^{A) U hVL'^{A). We have F^^z^'z) = 
ft~{z) {z E A). Similarly, the function 

oo 

Fi{z,w) = {l/z)Y,t^+'Qj{w,l/z) 

j=0 

is well defined, bounded and continuous on Q~{A) U bfl~{A) and holomorphic on Q~{A) 
since the series converges uniformly on ^1~{A) U b^~{A). We have Ff{z,z) — ff{z) {z e 
A). 

Using the homogeneity of Pj we rewrite (6.3) to 

^ oo 

^^^^^'"^^ = TW^E^:'^^^' ^/(W^)) 



and we see that (6.1) converges uniformly on T^(n+(^)) where Tt{z, w) — [tz, w/t). Given 
a compact set K C there is a t, < t < 1, such that K C Tt{n+{A)) so (6.1) 

converges uniformly on compacta in Q^{A). We have 

F+{z,w) = F{Tt{z,w)) {{z,w) e Tf\n+iA))). 

Since Tt converges uniformly to the identity as t ^ 1 it follows that 

F+{z,w) = liinF+{z,w) {{z,w) e n+{A)). (6.4) 

where the convergence is uniform on compact sets in f2+(A). In the same way we see that 

F-{z,w) = lim Ft-{z,w) {{z,w) e 1]"(A)). (6.5) 

where the convergence is uniform on compact sets in Q~{A). 

One can verify that for each r, ri < r < r2, and for each t, < t < 1, 

f,{re'') = Vr{te'') (^ e R) 

where Vr is the Poisson integral of the function e*^ h- > fire^^). Now, Vr{te^^) — > fire^^) 
uniformly in ^ as t ^ 1 and since / is uniformly continuous on A, the standard proof of 
the boundary continuity of the Poisson integral shows that the convergence is uniform also 
in r, r\ <r <r2- Thus, 

ft^f uniformly on A as t y 1. (6.6) 



7. Continuous functions with zero means on circles 

Theorem 7.1 Let f be a continuous function on A which satisfies (1.5) for eachbA{a, p) C 
A which surrounds the origin. There are a holomorphic function F'^ on VL'^{A) and a 
holomorphic function F~ on VL~ {A) such that the function 

\F+{z,w)+F-{w,z) {{z,w)en+{A))\ 

{z,z)eA) J 

has a hounded continuous extension to Q.'^{A) U 6fi+(A). 
Thus, for each ^ e A we have 

/(^)= Jim [F+(e,r/) + F-(r7,e)]. 

Theorem 7.1 is the analogue of Lemma 6.1 where 6A(a,p) is replaced by A and A(a,p) 
is replaced by Q,'^{A). The function (7.1) is the analogue of the Poisson integral of /. 
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It is the bounded continuous extension of F{z,z) = f{z) to Q'^{A) U bQ'^{A) which is 
pluriharmonic on fl~^{A). 

Proof of Theorem 7.1. For each t, < t < 1, define 

^t{z,w) = F+{z,w) + Ft-{w,z) {{z,w) e n+{A)Ubn+{A)), 

where and F^ are as in Section 6. The properties of F^ and imply that 
is bounded and continuous on Q~^{A) U 60+ (A), pluriharmonic on fl~^{A) and satisfies 
z) = f^{z)+fi{z) = ft{z) {z e A). It follows that for each t, s, < t < 1, < s < 1 
the function 

{z,w)^\^tiz,w)-^siz,w)\, (7.2) 

restricted to Aa,p U bAa,p, attains its maximum on 6Aa p whenever 6A(a, p) G A surrounds 
the origin. This is so since A^^p is biholomorphically equivalent to the punctured disc 
and since isolated singularities are removable for bounded harmonic functions. Thus, the 
function (7.2) attains its maximum on Q~^{A) U bQ~^{A) on A. By (6.6) the restrictions of 
functions to A converge uniformly as t /" 1 which, by the preceding discussion implies 
that as t y 1 the functions \E't converge uniformly on 0+(A) U 60+ (A) to a bounded 
continuous function which is pluriharmonic on 0+(A) and which satisfies '^{z^z) = 
f{z) {z e A). Now (6.4) and (6.5) imply that -^{z,w) F+(z,w) + F~{z,w) {{z^w) e 
0+(yl)) where F+ and F~ are given by (6.1) and (6.2). This completes the proof. 

Acknowledgement This work was supported in part by a grant from the Ministry of 
Education, Science and Sport of the Republic of Slovenia. 



9 



References 

[AG] M. Agranovsky, J. Globevnik: Analyticity on circles for rational and real analytic 
functions of two real variables. 
To appear in J. d'Analyse Math. 

[EK] C. L. Epstein, B. Kleiner: Spherical means in annular regions. 
Comm. Pure Appl. Math. 46 (1993) 441-451 

[Gl] J. Globevnik: Zero integrals on circles and characterizations of harmonic and analytic 
functions. 

Trans. Amer. Math. Soc. 317 (1990) 313-330 

[G2] J. Globevnik: Holomorphic extensions from open families of circles. 
Trans. Amer. Math. Soc. 355 (2003) 1921-1931 

[M] N. I. Muskhelishvili: Singular integral equations. 
Noordhoff, Groningen 1959 

[V] V. Volchkov: Spherical means on Euclidean spaces. 
Ukrain. Math. J. 50 (1998) 1310-1315 

[Z] A. Zygmund: Trigonometric series. 
Cambr. Univ. Press 1959 



Institute of Mathematics, Physics and Mechanics 
University of Ljubljana, Ljubljana, Slovenia 
josip.globevnik@fmf.uni-lj .si 



10 



